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Abstract
Ion channels are of major interest and form an area of intensive re-
search in the fields of biophysics and medicine since they control many
vital physiological functions. The aim of this work is on one hand to
propose a fully stochastic and discrete model describing the main char-
acteristics of a multiple channel system. The movement of the ions is
coupled, as usual, with a Poisson equation for the electrical field; we have
considered, in addition, the influence of exclusion forces. On the other
hand, we have discussed about the nondimensionalization of the stochas-
tic system by using real physical parameters, all supported by numerical
simulations. The specific features of both cases of micro- and nanochan-
nels have been taken in due consideration with particular attention to the
latter case in order to show that it is necessary to consider a discrete and
stochastic model for ions movement inside the channels.
1 Introduction
Ion channels are of major interest and form an area of intensive research in the
fields of biophysics and medicine, since they control many vital physiological
functions. Since certain aspects of ion channel structure and function are hard
or impossible to address in real experiments, mathematical models form a useful
addition, support and possible guidelines for future investigations.
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Ion channels are membrane proteins that catalyze the transfer of ions down
their electrochemical gradients across the plasma membrane [33]. They can-
not perform thermodynamic work; that is, they are not able to move an ion
against its electrochemical gradient. As a consequence, the direction of ions
traveling through an open channel is solely dependent on the electrochemical
gradient. Another characteristic of ion channels is that the rate at which ions
move through these proteins is very high; the throughput of an ion channel can
be fast up to 100 million ions per second [33]. On a fundamental level, the
activity of ion channels can change the membrane potential of the cell or alter
the concentrations of ions inside the cell. These processes are basic to the cell
physiology; therefore, it is easily imagined that ion channels may be involved,
directly or indirectly, in virtually all cellular activities. While the role of some
ion channels is known, as for example for calcium or sodium channels, in other
cases the physiological role of an ion channel is unknown, and sometimes it is
discovered when a disease arises.
We are aware of the need of analyzing many more features of a system of ion
channels, so that the model presented here is not meant to be an exhaustive
description of all relevant phenomena which enter the dynamical behavior of
ion channels. Though, it can be seen as a first step anticipating more complex,
hence more realistic, models.
A summary of the main features of ion channel mechanism is the following
[33, 44]:
a. The electrochemical gradient : This determines the direction along which ions
will flow through an open ion channel and is a combination of two types of gra-
dients: a concentration gradient and an electrical field gradient. The electrical
field gradient takes into account the charge on the ion. The relationship be-
tween the electrical potential and the magnitude of the concentration gradient
that is created is intuitive: the stronger the electrical potential, the greater the
concentration gradient.
b. The current-voltage relationship: The current is given by the movement of
charges, and in cells the flow of ions through ion channels can be measured.
c. The anatomy of a typical ion channel : The ion channels are proteins with
a hole in their middle Their walls contain ionizable side chains producing high
charge densities [11, 14, 15].
d. The ion selectivity : The capacity of the membrane to be permeable to a
class of ions. The mechanism by which ion channels pick and choose certain
ions is still not fully understood. Selectivity is produced by physical forces that
depend on the ion charge and size and chemical interactions with parts of the
channel protein that form what is called the selectivity filter [14, 15].
e. The ion gating : The opening and closing mechanism of ion channels.
f. The solvent : Ions move in water; hence a realistic model should eventually
include the fluid dynamics of the system.
In the present work we shall essentially consider only the movement of ions
subject to ion-ion interactions, interaction with the geometry of the channels,
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and the coupling with the electrical field which fluctuates, due to the strong
interaction with ions themselves. By taking all this into account, we have already
achieved a high level of complexity of the system. It is clear that further steps
will be in the direction of including the selectivity and gating processes, which
are essentials in the channel dynamics. Selectivity and gating are also influenced
by the enormous densities of fixed charges since channels are small and walls
contain ionizable side chains and carbonyl oxygens which produce an effective
charge density [14, 15]. As mentioned later on, we do not enter into such a
level of description, that may be included in the modeling later on; here we
consider a mathematical schematization of the walls of the channels with which
ions interact via specific potentials. Furthermore, here solvent effects enter
through the dielectric and the diffusion coefficients only, but a more complete
model should also include a mathematical description of the solvent water. A
proposed model may be found in [13], where the authors couple a continuum
model for the ion density with a Navier–Stokes system for the water treated as
an incompressible fluid. It is also clear that salt water contains many families
of particles, as sodium, potassium, calcium, and chloride ions with different
physical characteristics, as, for example, different diameters. For the sake of
simplicity, here we study the dynamics of a single family of ions, i.e. the diameter
of ions is the same for all.
There is widespread literature on molecular dynamics simulation methodology
for studying ionic permeation in ion channels, where authors use fully atom-
istic simulations of the entire systems. The reader may refer, for example, to
[1, 7, 8, 11, 18, 22, 23, 27, 29, 32, 37]. However, Brownian dynamics may
represent an attractive computational approach for simulating the permeation
process through ion channels over long time-scales without having to treat a
system in all atomic details explicitly. The approach consists of the generation
of random trajectories of ions as a function of time, by numerically integrat-
ing stochastic equations for the motion using some effective potential function
to calculate the microscopic forces operating among them [18, 23]. This re-
duces the dimensionality of the problem, although already very high, making
BD less computationally intensive than the corresponding molecular dynamics
simulations. While various approaches for microscopic modeling, either based
on equations for the motion with forces accounting for finite sizes [9, 10, 27, 28]
or on exclusion processes, have been investigated in detail, there are still open
problems in the transition to macroscopic models based on partial differential
equations. Some recent literature involves some heuristic derivations of macro-
scopic dynamics [2, 30, 41]. Often away from equilibrium standard equations
with linear terms are used, whose appropriateness remains unclear. In order to
model some exclusion principle, in [2] the following modified Poisson–Nernst–
Planck equations have been obtained via a heuristic derivation from an exclusion
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discrete process;
−∆V = e
∑
j
zjcj + f

∂
∂t
ci = ∇ · (Di(1− ρ)∇ci + ci∇ρ+ eziµici(1− ρ)∇V ))
where ci is the concentration , zi the charge, Di the diffusion coefficient, and
µi the mobility of the ions of type i; ρ =
∑
i ci is the total concentration, V
the electrical potential,  the permittivity, and e the elementary charge. Hence,
the authors introduce a size exclusion effect. The derivation of the continuum
model is not completely rigorous, so there still is a lot of work that needs to be
done in such a direction. A different approach used to deal with the finite size
of particle is via a Fermi like distribution, as in [20].
As mentioned in [29, 30, 31] while macroscopic conservation laws clearly govern
the macroscopic behavior of ensembles of channels, their application to a single
protein channel able to contain at most one or two ions is questionable. The
same authors in [41] consider a stochastic treatment of the ions. Their aim is
a reduction of the complexity of solving the multidimensional Fokker–Planck
system associated with the stochastic Langevin system of all ions, coupled with
the Poisson equation for the electrical potential associated with all ions. They
perform their analysis upon the assumption of stationary joint probability den-
sity of all ions, and under the additional simplification that positive ions of the
same species are indistinguishable and interchangeable. Finally, they decoupled
position and velocity by considering the Smoluchowski limit of large friction.
Among the problems that are left open, they mention the size exclusion effect
of ions and the multiple channel case. Here we propose a first attempt in this
direction.
The aim of the present work is, first of all, to consider a fully stochastic model
able to describe the main characteristics of a multiple channel system, in which
ion movement in the bath and throughout channels is described via a system
of stochastic differential equations, coupled with a Poisson equation, which be-
comes itself stochastic due to the dependence upon the ion random positions.
The treatment of multichannel systems becomes important in the description
when the number of channels increases. In such living devices, ions are not
points and cannot overlap; as a consequence, atomic scale distances must be
included explicitly in this multiscale approach [14, 17]. Hence, exclusion forces
are considered and modeled via Pauling and Lennard–Jones potentials. Paul-
ing forces take into account the interaction among ions, while Lennard–Jones
potential takes into account the interaction of moving ions with the boundary
of the channels, in particular their reflection at the channels’ boundary. One of
the main problems so widespread in literature [2, 7, 12, 25, 29, 30, 31] has been
to link such a completely stochastic model with an averaged continuum model
described by partial differential equations. Actually it is well known that it
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becomes reasonable to consider a continuous model when laws of large numbers
may be applied [3, 4, 5], i.e. when the number of ions increases to infinity or the
population is large enough that an approximation may be applied. It is clear
that, while this is always the case in the bath, this is not always true in the
channels; indeed, as already mentioned, in the specific case of nanochannels the
dimension of the ions is of the same order as the one of a channel, so that in
a channel the description of the system has to remain discrete and stochastic.
As a consequence, in the limit of infinite (sufficiently large) number of ions, a
problem of coupling their dynamics outside (averaged continuum) and inside
(discrete stochastic) channels arises. We may refer to such a model as a hybrid
model, as in [26]. The present work means to be a first step in this direction;
via a simulation analysis we build up a discrete stochastic model and under-
stand the role of each parameter. As also mentioned in [17], some systems have
macroscopic effects that depend on atomic details. Indeed, at a later stage our
plan is to analyze the asymptotic behavior of the system as the number of ions
increases to infinity or typical parameters characterizing the system, as e.g. the
size pore, vanish to zero. In literature we may see a widespread interest on the
latter topic, but most of the results refer to averaging problems of continuum
deterministic Poisson–Nernst–Planck equations [39, 40]. The treatment of a
fully stochastic case is still open.
Here the issue of nondimensionalization of the stochastic system and the choice
of the right space-time rescaling to catch the main features of the dynamics has
been addressed. Since we have many parameters, we discuss also how we may
standardize some of them, and the role played by the others. Even though the
issue of nondimensionalization is very well known in literature [2], the best of our
knowledge there is no such explicit calculation, analysis, or similar discussion.
The proposed space rescaling is strictly related to the size of the channels and
of the ions, while the time rescaling depends on the possibility to treat the
stochastic part of the Langevin equation, described by the Wiener process. We
discuss the role of different rescalings by comparing the outcome of the dynamics
obtained by numerical simulations. In particular, we compare two different
rescalings by referring to specific length measures of the channels. Both cases
of micro- and nanochannels are considered.
2 The Model
We consider a domain Ω = Ω+∪Ω−∪ΩM ∈ Rd, which consists of two regions of
intra- and extra-cellular medium, Ω+ and Ω−, divided by the membrane domain
ΩM , composed of many similar channels; let us denote by ΓD+ and ΓD− the
superior and inferior boundary of the bath, respectively. Typically, for a proper
match with the biological case, we consider d = 3, while in order to reduce the
complexity of the study, the simulation domain is such that d = 2.
We suppose that the membrane has dimension L1 × L1 × 2 ∈ R3; the di-
mension of each pore is 1 × 1 × 2 ∈ R3; hence, in the membrane we have
bL1/21c ∈ N pores. So we have sketched each channel as a three-dimensional
Stochastic Modelling and Simulation in Ion Channels 6
Ω+
Ω -
ΓD+
ΩM
ΓD-
ε
2
ε
1
L
2
L
1
Figure 1: Computational domain in R2, di dimension L1 × L2 with dimension
of the membrane 2 × L1.
parallelepiped with typical dimensions 1 and 2 ( 1 < 2). See Figure 1 for the
two-dimensional case.
Ions move freely in the water, which is treated as a continuum, and their motion
through channels is driven by an electrical field, described as a gradient of an
electrical potential.
We need to describe the ions, their dynamics, the electrical field, and the recip-
rocal interactions.
2.1 The Variables
The Ions. In general, we might suppose that K ∈ N is the total number of
types of ions; out of them, the first K − 1 are free species and the Kth is a
species confined in the membrane region, which creates the permanent charge
of the channels. As a consequence, in the domain we have a number N + J =∑K−1
k=1 N
k+J of ions, whereNk is the number of ions of the kth species and J the
number of fixed confined ions. The first N ions are moving in Ω and each of them
is characterized by its Langevin coordinates, i.e.
(
Xk,j(t), V k,j(t)
) ∈ Ω × R3,
being, respectively, the location and the velocity of the jth ion, of the kth species,
with j = 1, . . . , Nk(t). The latter J fixed charges are characterized by their
position Y j ∈ ΩM , j = 1, . . . , J.
Here we consider a simplified model with K = 2, that is the case where only
one population of ions is free of moving in Ω and the other one is composed by
fixed charges, few in number, located in the upper region of the channels [21].
Hence, let N be the total number of moving ions in the domain Ω ⊂ R3. Each
ion is characterized by its Langevin coordinates, i.e.
Zj =
(
Xj , V j
) ∈ Ω× R3, j = 1, . . . , N,
being, respectively the location and the velocity of the jth ion out of N . Fur-
thermore, let Y j , j = 1, . . . , J be the position of the jth fixed charge out of
J .
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Each ion is also characterized by its occupied volume of order ˜ 3, being ˜ its
diameter. If ˜ ∼ 1, we are in the case of nanochannels, i.e. a finite small
number of ions may enter each channel, while if ˜  1, we are in the case of
microchannels.
We consider the following counting measure defined on the location-velocity
space Ω× R3
µZ(t) =
N∑
j=1
Zj(t) =
N∑
j=1
(Xj(t),V j(t)) ∈M(Ω× R3), (1)
νY =
J∑
h=1
Y h ∈M(Ω). (2)
As a consequence, from (1), the moving ion spatial counting process is given by
νX(t) = µZ(t)(· × R3) =
N∑
j=1
Xj(t) ∈M(Ω). (3)
Finally, we may also consider the following empirical measures
X(t) =
1
N
νX(t) ∈MP (Ω); (4)
Y =
1
J
νY ∈MP (Ω). (5)
In (3)-(5)M(Ω) andMP (Ω) denote the spaces of (discrete) measures and prob-
ability measures on Ω, respectively.
The Electrical Field. The electrical field E(t, x) (in V/m) is described by means
of an electrical potential Φ(t, x) (in V = kgm2/s2 C), which is a continuous
variable on ΩT = [0, T ]× Ω.
2.2 The Dynamics
A strong coupling between the variation of the distribution charges and the
variation of the electrical potential is shown.
The Electrical Field. The electrical potential Φ is the solution of the Poisson
equation
−∇ · (αw∇Φ(t, x)) = z q (Kκ1 ∗X(t))(x) + zF q (Kκ2 ∗ Y )(x), (6)
where αw is the dielectric constant for the water (in F/m = C/V m), z is the
valency of the free ions, zF is the valency of the fixed ions, and q is the charge
of ions (in C). The smoothing functions Kκi ∈ C2b (R3), i = 1, 2, are such that
Kκi(x) =
1
κi
Ui(x), x ∈ Ω, (7)
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where, for any i = 1, 2, the function Ui ∈ C2b (R3) has compact support equal to
κi, i.e. |supp(Ui)| = κi. In such a way, the quantities at the right-hand side of
(6) has the right dimension of a concentration, i.e. quantity of charge per unit
volume. Furthermore, the convolution terms in (6) may be seen as an empirical
concentration, justifying the dependence on N , via the empirical measure X(t),
given by (4).
For any t ∈ [0, T ], the boundary conditions are given by
Φ(t, x) = Φ1, x ∈ ΓD+ ;
Φ(t, x) = Φ2, x ∈ ΓD− ;
∂Φ(t, x)
∂ν
= 0, x ∈ ∂Ω \ (ΓD+ ∪ ΓD−).
(8)
The Moving Ions. The N ∈ N free ions move in the surrounding water along
a direction determined by the electrochemical gradient; they interact with each
other and with the walls of the membrane. An external source of randomness
is introduced in the acceleration field, so that the evolution of the ions state
Zj(t) = (Xj(t), V j(t)), for j = 1, . . . , N is described by the following Langevin
model:
dXj(t) = V j(t)dt, (9)
mdV j(t) = − [m γV j(t) + z q ∇Φ(t,Xj(t)) (10)
+FI∇ (H∗P [νX(t) + νY ]) (Xj(t))
+FI∇HLJ(d∂ΩM (Xj(t))
]
dt+ σdW jt .
In System (9)-(10), m is the effective mass of the ions (in kg), γ is the friction
coefficient per unit of mass (in s−1), describing the effect of the surrounding
water molecules; they are related to the diffusion coefficientD (inm2/s) deriving
from random collisions with water as shown by the Stokes–Einstein relation [36]
mγ =
KBT
D
, (11)
where KB is the Boltzmann constant (1.30·10−23J/K = 1.30·10−23kgm2/s2K)
and T is the absolute temperature (in K).
The stochastic effect is described by a multivariate Wiener process (W 1t , . . . ,W
N
t )t≥0
with independent components. The parameter σ (in kgm/s
√
s) is the diffusion
coefficient, acting upon mV j(t), for any j = 1, . . . , N ; it must satisfy the fol-
lowing relation with γ:
mγ =
1
2KBT
σ2 = CKTσ
2. (12)
Finally, the constant FI (in N) represents the magnitude of short range forces
at contact. One estimate is given in [27] and is of the order 10−10N .
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In System (9)-(10) we also introduced an ion-ion interaction through the Pauling
potential HP . Following [27], we might consider
HP (r) =
(r1 + r2)
10
9r9
. (13)
It represents a repulsive potential which arises from the overlap of the electron
clouds of the ions, r is the ion-ion distance, and ri, i = 1, 2, are the van der Waals
radii of ions. Here, since we consider only one single family of ions, r1 = r2, we
define the operator H∗P [νZ(t) + νY ](x) as the following:
H∗P [νX(t) + νY ](x) :=
N∑
k=1
HP (|Xk(t)− x|) +
J∑
j=1
HP (|Y j − x|), (14)
where |x| is the norm of x and |x − y| denotes the distance between x, y ∈ R3,
that is
|x− y| =
√√√√ 3∑
i=1
(xi − yi)2.
The walls of the membrane are made of fixed particles of a repulsive nature
with respect to the moving ions. A mathematical schematization to include the
boundary conditions has been made via a hard-wall potential, like a truncated
shifted Lennard–Jones potential activated when the ions are at fixed distance
from the boundary [32, 19, 20, 34]. In (10) the quantity d∂ΩM (x) denotes the
distance of a point x ∈ Ω from the boundary of the membrane ∂ΩM , that is
d∂ΩM (x) = min
y∈∂ΩM
|x− y| . (15)
The truncated shifted Lennard–Jones potentials, as suggested in [32], has the
following form:
HLJ(r) =
{
H˜LJ(r)− H˜LJ(rc), r ≤ rc;
0, r > rc,
(16)
where r is the distance between two particles and H˜ is the Lennard–Jones
potential which includes attraction-repulsion effects
H˜LJ(r) = εLJ
[(
˜
r
)12
− 2
(
˜
r
)6]
. (17)
In (17), εLJ is the well depth (in m) and a measure of how strongly the two
particles attract each other; ˜ is the distance at which the intermolecular po-
tential between the two particles is zero; it gives a measurement of how close
two nonbonding particles can get and is thus referred to as the van der Waals
radius. Here we treat ˜ as the diameter of the ions, i.e. it is of same order of
the van der Waals radius. Table 2.2 shows the size of some families of ions.
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Ions vdW radius
Ca2+ 114 pm
Na+ 116 pm
K+ 152 pm
Cl− 167 pm
Table 1: Van der Waals radii ˜ for some families of ions in picometers (10−12m).
If we consider the truncated Lennard–Jones potential (16) with a cutoff xc = ˜,
only the repelling part of the potential H˜IJ is taken into account; indeed,
H˜LJ (˜) = −εLJ ,
and (16) becomes
HLJ(r) =
(
H˜LJ(r) + εLJ
)
1(0,˜](r) (18)
= −εLJ
{
1−
[(
˜
r
)12
− 2
(
˜
r
)6]}
1(0,˜](r).
The choice of εLJ influences how much the potential HLJ tends to hard-sphere
potential Hhs. For the truncated Lennard–Jones potential the choice εLJ = 1
describes relatively “soft” molecules; that is, molecules can partially overlap
during collisions, whereas if they are closer than ˜ they start to repel each
other. By increasing εLJ , a hard-sphere behavior is mimicked.
Parameter Value Measure units
q 1.6× 10−19 C
m 6.5× 10−26 Kg
D 1.33× 10−9 m2 s−1
1, 2 10−9 − 10−7 m
FI 2× 10−10 N
KB 1.38× 10−23 J K−1
T 300 K
αw 7.08× 10−10 C V −1 m−1
α0 8.85× 10−12 C V −1 m−1
Table 2: List of the parameters used in the model. For the one related to ions,
refer to the case of K+.
In Table 2.2 the value of the model parameters is listed, in the case of K+.
We observe that their order of magnitude may be very different; in particular,
mass m ∼ O(10−26), while the friction term mγ ∼ O(10−12), the charge q ∼
O(10−19), and the interaction ∼ O(10−10).
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It is clear that in order to better manage System (6) and (9)-(10), a nondimen-
sionalization procedure is needed.
3 Nondimensionalization of the system
We consider the nondimensionalization starting with a time-space rescaling, via
some typical scale parameters (t0, ).
3.1 Time, Space, positions, and Velocities
Let (xs, ts) be the scaled space-temporal coordinates, such that
t = t0 ts x =  xs, (19)
where  ∈ R and t0 ∈ R+ are scaling parameters that will be chosen later on.
As a consequence of (19) the time dependent position and velocity are scaled
as follows:
xs(ts) = 
−1x(t−10 t)
vs(ts) =
t0

v(t−10 t).
(20)
We denote by Ωs = Ωs+ ∪Ωs− ∪ΩsM the rescaled domain with the three different
regions, and by ΓsD+ ,Γ
s
D− the superior and inferior boundary of the rescaled
bath, respectively.
Given the Langevin coordinate of the moving ions at time ts, for j = 1, . . . , N,
Zjs(ts) =
(
Xjs (ts), V
j
s (ts)
) ∈ Ωs × R3,
and the position of the fixed ones Y is , i = 1, . . . , J , let us denote by ν
s
X(ts), ν
s
Y ,
the corresponding counting processes at time ts, that is
νsX(ts) =
N∑
j=1
εXjs(ts), ν
s
Y =
J∑
i=1
εY is ,
and by Xs(ts), Y
s the corresponding empirical measures
Xs(ts) =
1
N
νsX(ts), Y
s =
1
J
νsY .
3.2 The Electrical Field
One might obtain a dimensionless equation for the potential Φ in several ways.
Scaling the electrical potential means finding a scaling parameter Φ˜ such that
the potential field Φs(ts, xs) in the new coordinates is
Φs(ts, xs) =
1
Φ˜
Φ(t0ts, xs). (21)
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Proper techniques of semiconductor literature can be used for ion channels [16,
25]. Indeed, being ion channels provided of few fixed charges inside the channels,
the applied difference of potential is approximately close to the thermal voltage.
This fact represents a bridge between ion channels literature and the studies of
semiconductors [38]. A way to rescale Φ is the following:
Φ˜ =
KBT
q
≈ 0.39 J/C.
If the variation of Φ is smaller than KBT/q, the diffusion prevails, otherwise
the advection dominates. The chosen scaling corresponds to a limit in which
both advection and diffusion are in balance.
3.3 Rescaling the Equations
We will consider a nondimensionalization of (6) and (9)-(10), based on the
transformation proposed in (20)-(21). Details of the nondimensionalization may
be found in the appendix.
The Poisson Equation The scaled Poisson equation is
−divxs(αs∇xsΦs (ts, xs)) = λz
(
Ksκs1 ∗X
s(ts)
)
(xs) + λ
zF
(
Ksκs2 ∗ Y
s
)
(xs).
(22)
In (22), the kernels Kκsi , i = 1, 2 have been scaled as follows:
Kκsi (xs) =
1
κsi
Usi (xs) =
1
κsi
Ui (xs) , (23)
and the relative electrical permittivity αs is such that
αw = αsα0, (24)
where αw is the typical electrical permittivity of the water, and α0 is the electri-
cal permittivity of the free space. For any i = 1, 2, the parameter κsi is obtained
by the rescaling of the support κi of Ui, that is κi = 
3κsi . See, again, Table 2.2
for their physical dimensions.
Finally, the parameter λ is given by
λ =
q
α0Φ˜
=
q2
α0KBT
1

. (25)
Hence, it depends on the scaling length . Note that, coherently with our
purpose, the coefficient λ is dimensionless, in fact we have
C2
C2
m · J JK
−1 K m
= 1. (26)
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Consistently with (21), in the new reference scale the boundary conditions (8)
become
Φs(ts, xs) =
Φ1
Φ˜
=
q
KBT
Φ1 = Φ1,s, xs ∈ ΓsD+ ;
Φs(ts, xs) =
Φ2
Φ˜
=
q
KBT
Φ2 = Φ2,s, xs ∈ ΓsD− ;
∂Φs
∂ν
(ts, xs) = 0, xs ∈ ∂ΩM,s \ (ΓsD+ ∪ ΓsD−).
(27)
The Langevin system The nondimensionalized Langevin system is, for any
j = 1, . . . , N ,
dXjs (ts) = V
j
s (ts) dts, (28)
msdV
j
s (tts) = −
[
λ1msγsV
j
s (ts) + λ2∇xsΦs
(
ts, X
j
s (ts)
)
(29)
+λ3∇xsHs,∗P [νsX(ts) + νsY ] (Xjs (ts))
+λ3∇xsHsLJ
(
d∂ΩsM (X
j
s (ts))
)]
dts
+λ4σsdWts .
In the previous system ms, σs, and γs are such that γ = γ¯γs, σ = σsσ¯,m =
Mms, and
σs =
√
2msγs, σ¯ =
√
KBTMγ¯. (30)
The functions HsP , H
s
LJ are the scaled Pauling and Lennard–Jones potential
H˜sLJ (xs) = ε
s
LJ
[(
2RsvdW
xs
)12
− 2
(
2RsvdW
xs
)6]
, (31)
HsP (rs) =
(r1,s + r2,s)
10
r9s
. (32)
Finally, the dimensionless coefficients λi, i = 1, . . . , 4 in the Langevin system
are
λ1 = t0γ¯, λ2 =
t20KBT
M2
, λ3 =
FI
M
t20

, λ4 =
t0
√
t0
M
√
KBTMγ¯.
(33)
So the nondimensionalized system has five parameters (25) and (33), depending
on the time and space characteristic lengths t0 and .
3.4 Reduction of the Parameters
In order to reduce the parameters, first of all we impose γ¯ = t−10 , so that also
λ1 = 1. Furthermore, we choose the scaling parameter t0 such that the random
term is a Wiener process with diffusion coefficient σs; this is equivalent imposing
that is λ4 = 1. It follows that
t0 = 
√
M
KBT
; (34)
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as a consequence, λ2 = 1. Hence, by (34), we have standardized three of the five
parameters.
In conclusion, the nondimenzionalized system is given by the Poisson equation
(22)-(25) and the following Langevin system:
dXjs (ts) = V
j
s (ts) dts, (35)
msdtsV
j
s (tts) = −
[
msγsV
j
s (ts) +∇xsΦs
(
ts, X
j
s (t)
)
(36)
+λ3∇xsHs,∗P [νsX(ts) + νsY ] (Xjs (t))
+λ3∇xsHsLJ
(
d∂ΩsM (X
j
s (t))
)]
dts
+σsdWts ,
with
λ3 = FI
M2
KBTM
=
FI
KBT
. (37)
3.5 The Choice of the Spatial Scale
Experimental methods for determining the physical dimensions of ion chan-
nels have been widely investigated during the last few decades [21]. One of
the most studied classes of channels is the one relative to potassium ions K+,
which exhibit common permeability characteristics. A precise description of
their structure is presented in [11]. They are mostly composed by a highly se-
lective porous protein located into a lipid bilayer, the total length of the pore is
2 ∼ 45A˚ and its diameter 1 varies along the channel, assuming its maximum
size into a cavity of ∼ 10A˚ placed in the middle of the membrane. Then the ions
K+ move through the pore and remain hydrated. Besides the class of biological
channels there exist artificial nanochannels; see [6] and [42], radii and lengths
of which range from 100 · 10−9m to 10−9m. As a consequence we may consider
two different scaling regimes taking into account the possible real dimension of
the pore, i.e. either 1 ∼ 10−9 or 1 ∼ 10−7.
Let us consider now the magnitude of λ and λ3 in the stochastic system, using
the data for a typical ion channel in Table 2.2; from (25) and (37), we obtain
λ ' 7 · 10
−7

, λ3 ' 4.8 · 1010.
Thus, if we nondimensionalize with the typical size of the neck of the channel
1 = O(10
−9m), i.e.  = 1, we obtain
λ = λ1 = 7 · 102, λ3 = λ13 = 4.8 · 10, (38)
whereas if we nondimensionalize with 1 = O(10
−7m), the involved parameters
become
λ = λ1 = 7, λ3 = λ
1
3 = 4.8 · 103. (39)
Next step is to compare the two nondimensionalized systems in order to catch
the different features of the dynamics.
Stochastic Modelling and Simulation in Ion Channels 15
4 Numerical Experiments
Simulations of systems (22) and (35)-(36) are performed in the MATLAB envi-
ronment, in which we have simulated explicitly the Langevin system (35)-(36),
while we used the package PDETool for the discretization of the Poisson equa-
tion (22).
The Computational Domain As already mentioned, we consider numerical
results for d = 2. Denoted by 1 and 2 = k 1, k ∈ N the neck and depth
of the channel, respectively, the not rescaled domain, shown in Figure 1, has
dimensions given by L1 = 2nc1, and L2 = (2m + 1)2,m ∈ N. nc ∈ N is the
number of channels in the membrane.
Ω+
Ω -
ΓD+
ΩM
ΓD-
1
L2
L1
k
s
s
s
s
(a) (b)
Figure 2: (a) The rescaled computational domain. (b) Adaptive mesh for the
computational domain.
The rescaled domain after nondimensionalization is shown in Figure 2-(b). The
domain has dimension Ls1 × Ls2 = 2nc × (2m + 1)k, while the channel has unit
base dimension. In the simulation we consider k = 4. Furthermore, we consider
an adaptive triangular mesh as in Figure 2-(b).
The Boundary Conditions For the electrical potential, we consider the
boundary conditions (8), with Φ1,s = 10
h, h ∈ N, and Φ2,s = 0, that is, for
Φs(ts, xs) = 10
h, xs ∈ ΓsD+;
Φs(ts, xs) = 0, xs ∈ ΓsD−;
∂Φs
∂ν
(ts, xs) = 0, xs ∈ ∂Ωs \ ΓsD− ∪ ΓsD−.
(40)
The consequent initial electrical field is shown in Figure 3, in the case h = 4.
For the moving ions, in order to simulate ion flow through the system, periodic
boundary conditions upon ∂Ω are applied. In such a way, we may mimic an
infinite reservoir and ions are allowed to enter and exit the simulation box.
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Figure 3: Electrical field with boundary conditions (40).
The Fixed Ions Two fixed charges have been located in the upper layer of
each channel, in order to simulate the behavior of the receptors present in protein
channels. As a consequence, the total number of fixed charges is J = 2nc.
The Ions Dimensions We consider two different possible dimensions.
The first one refers to a radius of the same scale of the pore, for example
˜ ∼ 1.52 · 10−10, as in the case of K+. In general we consider ˜ ∼ 1/4.
In order to simulate possible cases in which the ion dimension is much smaller
than the channel one, we consider also the case ˜ ∼ 1/100 ∼ 10−8, too.
The Initial Conditions At the initial time t = 0 a number of N ions are
uniformly distributed in the upper bath Ω+ with normally distributed velocities
(see [24]).
Spatial Distribution of Moving Ions From the definition of the spatial
distribution of the moving ions (3), we consider a regularized version via a
convolution of the empirical measure (4) by a bivariate normal density f of zero
mean and diagonal covariance matrix, and variances σ21 , σ
2
2 , that is
f ∗X(x) = 1
N
N∑
i=1
f(xi − x), x ∈ Ω. (41)
In the following, we consider σ21 = σ
2
2 = 10
−1.
4.1 Case 1: dimension of the channel 1 ∼ O(10−9m)
We simulate the coupled system (22), (35), and (36) by taking into account
the first scaling factor introduced in Section 3, that is  = 1 = 10
−9. We
consider N = 103 free moving ions and boundary conditions (40) with h = 4.
Furthermore, in the membrane we take nc = 10 channels. The time increment
is dt = 10−3.
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Case 1.a. Ion radius ˜ ∼ 1/4 This case is the typical situation of the
nanopore. Figure 4 shows the initial distribution of the ions and the state of
the system at time t = 3. It is evident few ions may enter into a channel at the
same time.
0 5 10 15 200
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15
20
(a) t=0
0 5 10 15 200
5
10
15
20
(b) t=3
Figure 4: Initial and final ion locations - Case 1.a.
Figure 5 shows the time evolution of the ion spatial distribution. Since the
dynamics are rather fast, after a small time interval at the very beginning of
the simulation, the number of ions present in each region is varying but not too
much.
This is also visualized in Figure 6, left, showing the time evolution of the number
of ions in each region (Ω+,Ω−, and ΩM ). Ions are rather dispersed outside the
membrane, while inside the ion number is small and not varying too much. On
the right-hand side of Figure 6 the distribution of the time spent by a particle
into a channel is shown.
Case 1.b. Ion radius ˜ ∼ 1 · 10−2 Here we consider the simulation results
in the same conditions with respect to Case 1.a., but the radius of ions, which
is here much smaller. This case corresponds more to the case of micropore.
Figure 7 shows how ions are slower than the previous case. Furthermore, in
Figure 8 one may observe that in this case the spatial density of ions in a
channel may be significantly greater than zero, a case not observed previously.
This is due to fact that here we are reproducing the case in which in each channel
one may enter a large number of ions at the same time.
This may be seen in Figure 9, left, where the number of ions in the membrane
is clearly higher. As regards to the time needed for crossing a channel, we see
how the distribution is less dispersed and is significantly higher in the mean.
See also Table 4.
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Figure 5: Time evolution of the ion density - Case 1.a.
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Figure 6: Left: evolution of ion number in Ω+,Ω−,ΩM . Right: histogram of
the average time spent by ions in ΩM . Case 1.a.
4.2 Case 2: dimension of the channel 1 ∼ O(10−7m)
Now we simulate the coupled system for the scaling parameter  = 1 = 10
−7,
i.e. with parameters (39).
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Figure 7: Initial and final ion locations - Case 1.b.
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Figure 8: Time evolution of the ion density - Case 1.b.
Case 2.a. Ion radius ˜ ∼ 1/4 Again first we consider the case in which few
ions may enter in a channel at the same time, due to the fact that the diameter
˜ is taken as 1/4
Due to the fact that the time rescaling (34) is proportional to 1, we expect
slower dynamics. This is seen in Figure 12: again the number of ions in the
channel region are few, and the velocity of crossing the membrane is smaller.
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Figure 9: Left: evolution of ion number in Ω+,Ω−, and ΩM . Right: histogram
of the average time spent by ions in ΩM . Case 1.b.
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Figure 10: Initial and final ion locations - Case 2.a.
Such dynamics are confirmed by Figure 10–11.
Case 2.b. Ion radius ˜ ∼ 1 ·10−2 Now again we consider ions much smaller
than the channel. Figure 13 shows the initial distribution of the ions and the
state of the system at time t = 3.
By comparing Figure 7 with Figure 13 and Figure 14 with Figure 8 it is evident
that again the density in the channel is higher with respect to the case with
bigger ions, but, as already mentioned, speed is higher.
The qualitative behavior of the time evolution of the number of ions in each
region in the bath and in the membrane as shown in Figure 15, is similar to the
one of case 1.b. in Figure 12.
Quantitative estimates for the four case studies are shown in Tables 3 and 4.
The mean time needed by ions for crossing the channel is higher in the case 1.a.
and always the mean number of ions in the membrane region are smaller.
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Figure 11: Time evolution of the ion density - Case 2.a.
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Figure 12: Left: evolution of ion number in Ω+,Ω−,ΩM . Right: histogram of
the average time spent by ions in ΩM . Case 2.a.
4.3 The effective diffusion coefficient
As discussed in [37], the effective diffusion coefficient is different inside and out-
side the membrane. There are several ways proposed in literature for computing
such an estimation [1, 35, 37]. A simple way to estimate the effective diffusion
is via the mean square displacement of an ion. In our system, even though
the diffusion coefficient governing the randomness of the velocity is constant,
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Figure 13: Initial and final ion locations - Case 2.b.
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Figure 14: Time evolution of the ion density - Case 2.b.
the effective diffusion estimated as the mean square displacement of an ion also
depends upon on all the exerted nonlinear forces. In particular in the channel,
the boundary forces exerted on the ions are much stronger then in the bath,
and they also influence the particle mean square displacement.
Split the time interval [0, T ] in L time intervals of length ∆t and let tn =
n∆t, n = 1, . . . , L, where we defined for each ∆t = 10−3 the Euclidean distance
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Figure 15: Left: evolution of ion number in Ω+,Ω−,ΩM . Right: histogram of
average time spent by ions in ΩM . Case 2.a.
Case Mean Standard deviation
1.a. 0.0885 0.0400
1.b. 0.1450 0.0142
2.a. 0.1122 0.1065
2.b. 0.1434 0.0503
Table 3: Crossing channel time: mean and standard deviation in the four cases.
Case Ω+ Ω− ΩM
1.a. Mean 498.03 414.59 87.38
Std 156.97 170.99 30.13
1.b. Mean 377.71 477.29 144.99
Std 312.09 334.92 103.75
2.a. Mean 692.46 206.42 101.11
Std 109.69 20.93 53.23
2.b. Mean 518.83 341.35 139.81
Std 255.30 254.16 96.14
Table 4: Estimates of the number of ions in each region: mean and standard
deviation (Std) in the four cases.
δin as follows:
δin+1 = ||Xi(n+ 1)−Xi(n)||2
where both Xi(n + 1) and Xi(n), the positions of the ith ion at time tn and
tn+1, lie in a region of the same area 1 × k in ΩM , or Ω+; see Figure 2. Let δ
be the sample vector of such distances
δ = (δ11 , . . . , δ
i1
1 , . . . , δ
1
L, . . . , δ
iL
L ),
where in is the number of ions feasible for the sample at time t
n. Let d = i1 +
. . .+ iL be the size of the sample. We estimated the mean square displacement
by unit time by means of the sample variance V of the vector δ divided by ∆t.
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Table 5 shows the estimation of the mean square displacement per unit time
in Ω+ and in the membrane ΩM . We may notice how the order of the mean
square displacement is smaller in the channel, as expected.
Region V V/∆t Vy Vy/∆t
Case 1a
ΩM 9.8284 10
−4 0.982 0.0383 38.3020
Ω+ 2.9685 10−1 296.8525 0.1532 153.2315
Case 1b
ΩM 5.5878 10
−6 0.0056 5.4420 10−6 0.0054
Ω+ 0.2576 257.6380 0.2428 242.8094
Case 2a
ΩM 0.0025 2.4511 0.0016 1.5633
Ω+ 0.7206 720.6112 0.4286 428.8674
Case 2b
ΩM 0.0054 5.3956 3.7941 10
−4 0.3794
Ω+ 0.1381 138.0646 0.0644 64.3650
Table 5: Estimation of the mean square displacement of ions and per unit time
in the (x, y)-plane (V and V/∆t) and along the y-direction (Vy and Vy/∆t).
5 Discussion
We have considered a fully stochastic mathematical model describing the main
characteristics of a multiple channel system, in which ion movement in the bath
and throughout membrane channels is modeled in terms of a system of stochastic
differential equations, coupled with a Poisson equation, which becomes itself
stochastic due to the consequent randomness of the ion positions.
By considering real parameters as in Tables 2.2 and 2.2, we have faced the
problem of identifying a right scale for the nondimensionalization of the system.
Through a direct comparison of the simulation results of the rescaled system
via typical scales of the channels, we see that a first rescaling by a channel size
of order 1 ∼ 10−10 is fast enough to make the dynamics evident. Instead, from
Table 3, we may see that the mean time required to cross the membrane is
significantly higher in the case of the second rescaling by 1 ∼ 10−7.
Furthermore, we may notice that with the same rescaling, smaller particles are
slower, and a change of velocity is less probable. This is due to the fact that
with equal parameters, the smaller the diameter of the ions, the weaker are the
forces of Pauling and Lennard–Jones acting on the velocity, since they depend
on the ion diameter, as shown by (32) and (31).
The second issue we are interested in is the coupling of the dynamics inside and
outside the membrane. This is particularly important in the case of nanopores
(cases 1.a. and 2.a). Indeed, as is well shown in Figure 5, while there is a very
high number of ions in the bath region, this is not so in the membrane, since
the number of ions within each channel becomes very small.
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For the time being we propose case 1.a. as a satisfactory rescaling of the system.
In such a case, the dynamics have to be maintained to always be stochastic and
discrete.
A future step, interesting from the mathematical point of view, is to study the
same system when both the number of channels and ions are increasing. The
interesting mathematical question, which is relevant also for a reduction of the
computational costs in the simulations, concerns the coupling of the two scales
regarding the dynamics in the bath and within the channels, with respect to the
significant difference in the number of ions per unit volume for the two regions.
As mentioned in the introduction, it is well known that it is reasonable to con-
sider a continuous model for the ion concentrations whenever a law of large
numbers may be applied, i.e. when the number of ions per unit volume is suffi-
ciently large. On the other hand such laws cannot be applied in each channel,
so that the system has to be kept discrete and stochastic. As a consequence, for
a large number of ions in the bath the problem of coupling their dynamics in the
bath (averaged continuum ), and inside the channels (discrete and stochastic)
arises. An interesting issue refers, in particular, to the transition conditions at
the membrane boundaries. As already mentioned, some work in this direction
has already been done, for example by Schuss and his collaborators, but, to the
best of our knowledge, existing literature has not provided a satisfactory answer
yet.
The present study may be regarded as a first step for further investigations that
the authors intend to carry on for what it may concern the asymptotic analysis of
the Langevin type model for ionic permeation. Moreover, the presented model
might be given in a more realistic setting through the introduction of more
realistic physiological details, as discussed in the introduction.
Appendix: Computing the rescaled equations
The Poisson Equation. By considering the rescaling (19) and (21), from (6)
we rewrite the rescaled term −divxs(αr∇xsΦs (ts, xs)) involving the rescaled
potential field Φs(ts, xs), where αr satisfies (24). Then we have the following:
−divxs(αr∇xsΦs (ts, xs)) = −2divx
(
αw
α0
∇xΦ (t, x)
Φ˜
)
= − 
2
α0Φ˜
divx (αw∇xΦ (t, x))
=
2q
α0Φ˜
(
z
1
Nκ1
N∑
k=1
Kκ1
(
x−Xks (t)
)
+zF
1
Jκ2
J∑
h=1
Kκ2
(
x−Xhs (t)
))
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By considering the definition of the interacting kernels (7) and the rescaled ones
(23), one obtains
−divxs(αr∇xsΦs (ts, xs)) = −2divx
(
αw
α0
∇xΦ (t, x)
Φ˜
)
=
2q
α0Φ˜3
(
z
1
Nκs1
N∑
k=1
U1
(

(
xs −Xks (ts)
))
+zF
1
Jκs2
J∑
h=1
U2
(

(
xs − Y hs
)))
=
2q
α0Φ˜3
(
zλ
1
Nκs1
N∑
k=1
Us1
(
xs −Xks (ts)
)
+zF
1
Jκs2
λ
J∑
h=1
Us2
(
xs − Y hs
))
So, finally, the right-hand side term becomes
2q
α0Φ˜3
(
z
(
Ksκs1 ∗X
s(ts)
)
(xs) + zF
(
Ksκs2 ∗ Y
s)
)
(xs)
)
;
hence, by means of the definition (25), we obtain the rescaled Poisson equation
(22).
The Langevin system. The nondimensionalization of the Langevin equations (9)-
(10) has been done as follows. We scale first the location equation, obtaining,
for any j = 1, . . . , N
dXjs (ts) = 
−1dXj (t) = −1V j (t) dt
= −1

t0
V js (ts) t0dts = V
j
s (ts) dts,
that is
dXjs (ts) = V
j
s (ts) dts.
Then, we scale the equation describing the evolution of the velocity V js , for any
j = 1, . . . , N . From (20) we have that
msdtsV
j
s (ts) =
t0
M
mdtV
j (t) . (42)
Hence, we need to scale the right term in (10). Let us denote by γs, σ¯, and MS ,
the nondimensionalized friction, diffusion coefficient, and mass, respectively,
such that
γ = γ¯γs; σ = σsσ¯ m = Mms.
From the Stokes-Einstein relation and (12) we have
msγs =
KBT
DMγ¯
, σ =
√
2KBTMmsγ¯γs;
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hence, σ¯ =
√
2KBTMγ¯. From the definition of the rescaled potential (21), the
electrical field becomes
∇xφ (t, x) = KBT
q
1

∇xsφs (ts, xs) .
The forms of the interacting term are the same as in the dimensionalized term.
Indeed, the Pauling potential (13) becomes
HP (r) =
((r1,s + r2,s))
10
(rs)
9 =
 (r1,s + r2,s)
10
(rs)
9
and
∇xH∗P [νX(t) + νY ] (x) = ∇xs
(
N∑
k=1
(r1,s + r2,s)
10
|xs −Xks (ts)|9
+
J∑
h=1
(r1,s + r2,s)
10
|xs − Y hs |9
)
= ∇xsHs,∗P [νsX(t) + νsY ] (x),
where, given a distance rs in the new coordinate scale, we have defined the
scaled Pauling potential as follows:
HsP (rs) =
(r1,s + r2,s)
10
r9s
.
In a same way it is possible to scale the Lennard–Jones potential (17). For the
distance from the border d∂Ω defined in (15) we have that
d∂Ω (xs) = min
 ys∈∂Ω
| xs −  ys|
=  min
ys∈∂Ωs
|xs − ys|
=  dsΩs (xs) ,
where dsΩs (xs) is the distance of the point xs from the membrane boundary in
the new scale. The potential H˜LJ is scaled as follows:
H˜LJ (rs) = ε
s
LJ
[(
2RvdW
rs
)12
− 2
(
2RvdW
rs
)6]
= εsLJ
[(
2RsvdW
rs
)12
− 2
(
2RsvdW
rs
)6]
where εsLJ is the nondimensionalization of the size of εLJ which depends on
length, and RsvdW is the scaled van der Waals radii. If we define the rescaled
truncated shifted Lennard–Jones potential as
H˜sLJ (xs) = ε
s
LJ
[(
2RsvdW
xs
)12
− 2
(
2RsvdW
xs
)6]
,
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it follows that
H˜LJ (x) = H˜
s
LJ (xs) .
For the random term, we rescaled the Wiener process W jt and obtained W
j
t =
W jt0ts ∼
√
t0W
j
ts , where W
j
ts is a Wiener process with respect to time ts.
Finally, by gathering together all the previous terms, from (42) and (10) we
have the following:
msdtsV
j
s (tts) = −
t20
M
[
Mmsγ¯γs

t0
V js (ts) + z q
KBT
q
∇xsΦs
(
ts, X
j
s
)
+FI∇xsHs,∗P [νsX(ts) + νsY ] (Xj(ts))
+FI∇xsHsLJ
(
ds∂Ωs(X
j(ts))
) ]
dts
+
t0
√
t0
M
√
2KBTMγ¯msγsdW
j
ts .
By considering the relation (30) between σs and γs,
msdtsV
j
s (tts) = −
[
γ¯t0msγsV
j
s (ts)−
t0KBT
M2
∇xsΦs
(
ts, X
j
s
)
+
FIt
2
0
M
(∇xsHs,∗P [νsX(ts) + νsY (Xjs (ts))]+∇xsHsLJ (d∂Ωs)) ]dts
+
t0
√
t0
M
√
KBTMγ¯σsdW
j
ts .
Thus, we have obtained the Langevin system (28), (29), and (33).
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